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Consider the equation 
be) x’(Ql + ~(~)fbww = 0 (1) 
where Y, a, 4: [0, co) + (-00, 00) and fi (-co, CO) + (-CO, CO). We assume 
a, 4, and f  are continuous and Y is continuously differentiable with r(t) > 0, 
a(t) > 0, and q(t) < t for all t > 0; also, q(t) + co as t + 00 and of > 0 for 
x # 0. 
Following El’sgol’ts [2], for any to > 0, we let Et0 = {s: s == q(t) < t, for 
t > to> u {to}. By a solution of (1) at t, is meant a function x: Et0 u [to , tl) -+ 
(- 03, a), for some t, > t, , which satisfies (1) for all t E [t, , tI). We assume 
that all solutions of (1) at t, exist on [to , co) for every to > 0. A solution x(t) of 
(1) is said to be oscillatory if x(t) has zeros for arbitrarily large t. Eq. (1) is said to 
be oscillatory if every solution of (1) is oscillatory. 
Our main concern in this paper is to obtain oscillation results for Eq. (1) 
which describe the oscillatory behavior of solutions of the Euler-type delay 
equation 
x”(t) + (~2/~2) +$)) = 0 (2) 
according to the values of the constant R. A result of this kind has been obtained 
by Wong [17] for the equation 
x”(t) $- u(t) x(q(t)) = 0 (3) 
where ct < q(t) < t, c > 0, and a(t) > 0. 
The first result we obtain includes Wong’s result as a special case and extends 
Opial’s result [5] from the equation 
(r(t) x’)’ + u(t) x = 0 (4) 
to Eq. (1) when u(t) > 0. 
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THEOREM A (Wong). Suppose for some Zurge t, , a(t) 2 (1 + ~)/(4cP), 
E > 0. Then Eq. (3) is oscillatory. 
THEOREM B (Opial). Suppose ST [l/z(t)] dt = 00 and there exists a continu- 
ously dz$kentiabZe function h: [0, KI) + (0, co) such that 
‘,l+y it [h(s) a(s) - Y(S) h’2(s)/(4h(s))] ds = 00. 
‘0 
Then Eq. (4) is oscillatory. 
Main Results. We observe that for q(t) = t Theorem B includes Theorem A. 
Thus, by extending Theorem B to Eq. (1) we wish to obtain Theorem A as a 
corollary. Our first result is then an extension of Theorem B to Eq. (1) which 
applies to the class of linear equations as well as a particular class of nonlinear 
equations; it also provides us with a well-refined oscillation criterion for these 
classes of differential equations. 
THEOREM 1. Let T > 0. Suppose SF (dt/r(t)) = CQ and there exist continuously 
dz@retztiubZe functions h, Q: [T, CQ) + (0, co) and 4: (-CD, co) -+ (-co, co) 
such that 
(i) q(t) > Q(t) and Q’(t) > 0 for t 3 T and Q(t) + co us t + a’, 
(ii> If(x)I 3 I +(x)1, 4’(x) 2 a, 01 > 0, and x&x) > 0 for all x f  0, and 
(iii) lim sup,,, Sk [h(s) a(s) - Y( Q(s)) h’2(s)/(4aQ’(s) h(s))] ds = 00. 
Then Eq. (1) is oscillatory. 
Proof. Let x(t) be a nonoscillatory solution of (1). Assume x(t) > 0 for 
t > to , to 3 T, and choose t, > to so that q(t) > t, for t >, t, . It follows from 
(1) that [r(t) x’(t)]’ < 0 and hence r(t) x’(t) is nonincreasing for t 2 t, . We first 
show that x’(t) 2 0 for t > t, . Suppose x’(t*) < 0 for some t* g; t,; then 
r(t) x’(t) < r(F) x’(t*) = -c, c > 0, and hence x(t) < x(t*) - c J:* [l/~(s)] ds 
for t > t*. As the right-hand side of this inequality tends to -x, then x(t) 
becomes negative, a contradiction. Thus x(t) is nondecreasing for t >, t, . 
Choose t, 3 t, so that Q(t) > t, for t > t,; then it follows from (i), (ii) and (I) 
that 
[y(t) ~‘(41 + 4) MQ(tN) G 0 for t > t, . 
Multiply both sides of this inequality by h(t)/+(x(Q(t))) and integrate from t, 
to t to obtain 
i t h(s) a(s) ds + [” bW(y(s) 4sYiQ(48(4))1 ds G 0. ” t2 - f2 
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Integrating the second integral by parts and discarding some of the positive 
terms to obtain 
j-y 44 44 ds - 1: P’(s) W Wi’~(4QW)I ds 
L 
+ It: [h(s) W x’(s) W(Q(sN x’(QW Q’(W’(~(Q(4Nl ds G c, c > 0. 
As r(t) x’(t) is nonincreasing, then r(t) x’(t) < r(Q(t)) x’(Q(t)) for t > t, and 
hence, using (ii) we obtain 
+ a ( V(s) r*(s) x’*(s) Q’(sY(~(QN) 4”MQWNl ds G c. 
We write this inequality in the following form: 
( h(s) 4 ds + a( {h(s) QWW x'W#(x(QW 
- y(Q(sN Wl(W~) Q’N)l*/~(Q(sN> ds 
- t: WQ(4) h’*(s)l(4ah(s) Q’(s>)l ds G c. i 
As the middle integral is nonnegative, we obtain 
I t [h(s) 4s) - y(Q(s)) h’2(s)l(4ah(s) Q’(s))1 ds < c for all t 3 t, . t2 
This contradicts (iii). 
The case x(t) < 0 for t 3 t,, is similar and the proof is omitted. 
COROLLARY 1. Suppose there exists a continuously daj&ntiuble function 
h: [T, 00) + (0, a), T 3 0, such that 
lim+zup J: [h(s) u(s) - h’2(s)j(4ch(s))] ds = co. 
Then Eq. (3) is oscillatory. 
Proof. It follows from Theorem 1 by taking r(t) = 1, d(x) = x, OL == 1, 
and Q(t) = ct. 
Remark 1. Letting h(t) = t, Corollary 1 includes Theorem A. 
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EXAMPLES. The equations 
and 
x”(t) + (l/t”) x(t/2) = 0, (5) 
x”(t) + (l/W) x(W) = 0, (6) 
x”(t) + (1 /t2) x(t/2) log [e + x2(t/2)] = 0 (7) 
are oscillatory by Theorem 1 for h(t) = t, while Theorem A fails to apply to 
Eq. (6) for instance. 
Remark 2. It is clear that Theorem 1 does not apply to equations of the form 
x”(t) + u(t) xy(q(t)) = 0 (8) 
where y  # 1 and y  is the quotient of positive odd integers. But by slightly 
modifying the conditions of Theorem 1, we obtain a new result which applies 
to Eq. (8) for y  > 1 as well as Eq. (1) wheref belongs to a class of functions such 
as 
f(x) =xy,y> 1, if Ixi<l 
X if lxi>l. 
However, the purpose of the modified result will not be the oscillation of the 
superlinear equations as there are stronger oscillation results concerning this 
case; see for example [3, Theorem l] and [7, Theorem 3.21. Our next result is 
contained in the following two theorems: 
THEOREM 2. Suppose R(t) = si [ 1 /r(s)] ds + co us t - 00. If  
s 
zo 
R(t) u(t) dt = co, 
0 
(9) 
then every bounded solution of (1) is osciZZatory. 
Proof. Let x(t) be a bounded nonoscillatory solution of (1). Assume x(t) > 0 
for t >, to, to > 0. It follows, as in the proof of Theorem 1, that there exists 
t, >, to so that x(t) is nondecreasing for t >, t, and hence x(t) ---f I as t + CO, 
0 < 2 < co. By the continuity off, f (x(4(t))) + f (I) as t--f co and hence there 
exists t, > t, so that f (x(q(t))) > f (1)/2 for t > t, . Multiply both sides of Eq. (1) 
by R(t) and integrate from t, to t to obtain 
j-1 R(s)[r(s) x’(s)]’ ds + [f (WI j-1 R(s) 4s) ds < 0. 
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Performing integration by parts and discarding nonnegative terms we obtain 
s t R(s) a(s) ds < K for some constant K and for all t > t, . h 
This inequality contradicts (9). 
The proof of the case x(t) < 0 is similar and hence omitted. 
THEOREM 3. Suppose R(t) = $, [l/r(s)] ds --f co as t + co and there exist 
continuously dzflerentiable functions Q: [0, CO) -+ (0, CO) and 4: (-CO, CO) + 
(-co, co) such that 
(i) q(t) 2 Q(t) and Q’(t) > 0 for t > T and Q(t) -+ cu as t -+ 03. 
(ii) j f(x)1 > 1 +(x)1, (b’(x) > OL, a > 0, and x$(x) > 0 for all x such that 
I x ] 3 x, , x1 > 0, and 
(iii) lim supt+co / $, [R(s) a(s) - r(Q(s))/(4a?Q’(s) r2(s) R(s))] ds = CX) (10) 
Then Eq. (1) is oscillatory. 
Proof. Let x(t) be a nonoscillatory solution of (I). Assume x(t) > 0 for t > t, , t, 3 0. It follows from the proof of Theorem 1 that x(t) is eventually 
nondecreasing and hence x(t) + Z as t + CO, 0 < 1 < CO. If 0 < Z < co, then 
the conclusion of the theorem follows from Theorem 2 as (10) implies (9). 
Suppose now 1 = 00 and choose T sufficiently large so that x(Q(t)) > x1 for all t > T. Hence +‘(x(Q(t))) > 01 for t 3 T and the remaining of the proof follows 
exactly that of Theorem 1. 
EXAMPLE. Let 
f(x) = x3 if Ixj<l 
=X if 1x131. 
The equation x”(t) + (l/t”) f (x(t/2)) = 0 oscillates by Theorem 3, while [3, 
Theorem I] and [7, Theorem 3.21 fail to apply. 
Remark 3. If we write Eq. (1) in the form 
P(t) 441 + a(t)f (x(t - T(t))) = 0, (11) 
then the condition q(t) < t is equivalent to T(t) > 0 for t > 0. If we now assume 
that r(t) < M for some M > 0 and for all t > 0, then it follows from Theo- 
rems 1, 2, and 3 that under the conditions of these theorems Eq. (1) and the 
ordinary equation 
[W WI’ + 4t)fWN) = 0 (12) 
409/6312-3 
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have the same oscillatory behavior. That is not in general true as Waltman [fj] 
pointed out. The ordinary equation x”(t) + [1/(2t2)] x(t) = 0 is oscillatory, 
while the delay equation x”(t) + [1/(2t2)] x(t/4) = 0 has a nonoscillatory solution 
x(t) = t1/2. However, we will show that oscillation of (11) implies oscillation of 
(12). Our next result is then a comparison theorem for the following delay 
differential equations: 
[y(t) WI + 4OfH7W) = 0 (13) 
[R(t) WI’ + 4)WQW)) = 0 
where Y, R, a, A, 4, Q,f, and F are as defined for Eq. (1). A result of this kind 
has been obtained by Lovelady [4] f or n-th order linear delay equations of the 
form 
and the technique of the proof has also been used by Atkinson [l] in extending 
the oscillation theory from differential equations to differential inequalities. 
THEOREM 4. ~~~~~~~~“[~/~(~)l~~=~,~~~,~~Q,~~~,lfl~l~I, 
and f is nondecreasing. If (13) is oscillutouy, so is (14). 
Proof. Let x(t) b e a nonoscillatory solution of (14) and assume x(t) > 0 for 
t 3 t, , t, > 0. As in the proof of Theorem 1 there exists t, 3 t, such that x(t) 
is nondecreasing for t > t, . Choose t, > t, so that q(t) 3 t, for t > t,; then 
x(QW> 3 xW>) and hence F(x(QW 2f(+dtN BY (14) [R(t) x’W1’ + 
a(t)f(x(q(t))) < 0 for t 2 t2 . Let S, 7 E [t, , a). By integrating this inequality 
from s to 7, discarding positive terms, and using the relation R < Y 
we obtain 
x’(s) 3 iIll+ j-= 44f (4d4)) du- s 
Integrate from t, to t to get 
49 b 44 + I: [l/G)1 lrn 44f (4M)) du s 
for t > t, . 
Define a sequence (yll(t)} of functions on [tl , co) as follows. 
Yl(4 = x(t) for t >, t, 
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and 
Yn(4 = x(t) if t E [ti , ta] 
= x(b) + jt [l/WI jm 4Wrn-ddu>)> du ds if tat, 
tt s 
and n = 2, 3, . . . . 
It is easy to see from (16) and the definition of {y,(t)} that 
Hence, the sequence {y,(t)} converges pointwise to a function y(t) > x(ts) for 
t > t, . We propose to show now that y(t) is continuous. From the definition of 
y,(t) and (15) we have m’(t) <x’(t) for t 3 t, and n = 1,2,.... Thus the 
sequence {m’(t)} is locally uniformly bounded and hence the sequence {m(t)} is 
equi continuous. Thus by the Ascoli’s Theorem {m(t)} has a subsequence which 
converges uniformly to y(t). Thus y(t) is continuous for t > tr and hence 
y(t) = x(t) if t E [tr , t,] 
= &) + j’ P/W jm 4WrW)N du ds if t 3: t, . 
te s 
It is easy to see that y(t) is a solution of (13) for t 3 t, which does not oscillate, a 
contradiction. 
The case x(t) < 0 is similar and hence omitted. 
APPLICATIONS. Consider the equation 
x”(t) + (P/t2) x(ct) = 0 (17) 
where 0 < c < 1. By Corollary 1, Eq. (17) is oscillatory when k2 > 1/(4c) and, 
by Theorem 4, it has a nonoscillatory solution when R2 < l/4. It is therefore 
desirable to obtain some results which describe the oscillatory behavior of (17) 
when l/4 < K2 < 1/(4c). It has been mentioned earlier that the equation 
x”(t) + [I /(2P)] x(t/4) = 0 (18) 
has a nonoscillatory solution x(t) = t1j2. It then follows from Theorem 4 and 
Corollary 1 that for c = l/4 Eq. (17) h as a nonoscillatory solution when k2 < l/2 
and that (17) is oscillatory when k2 > 1, but nothing can be said about its 
oscillatory behavior when l/2 < K2 < 1. We will attempt here to narrow the 
range of k2 E (Q, I] by searching for more nonoscillatory solutions of (18) 
according to various values of k2 and using Theorem 4. More precisely, for a 
fixed c E (0, l), we maximize the values of K2 over a class of nonoscillatory 
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solutions of (17) of the form x(t) = ~6, 0 < p < 1. It is easy to see that x(t) :=- tR 
is a solution of (17) if and only if k2 = c3,B( 1 - fl) and that k2 has a relative 
maximum at p =-= &, where ,8,, =m l/2 + l/log c + [l/4 f  l/log2c]1/2. It follows 
immediately from this equality that l/2 < & < 1 ; also, k2(&,) > k2( I ,‘2) 
c+j2/4. Thus, by Theorem 4, Eq. (17) has a nonoscillatory solution for k2 < 
k2(&,). Observe that for c = l/4, k2(P,) > l/2. 
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